We explore the dynamics of two-dimensional massless Dirac-fermions within a quantum shutter approach, which involves the time-evolution of an initial cut-off plane wave. We show that the probability density is governed by an interplay between diffraction in time and Zitterbewegung phenomena, typical of relativistic quantum shutter systems with nonzero mass. The time-diffraction appears as an oscillatory pattern in the probability density, similar to the effect predicted by Moshinsky in 1952 [Phys. Rev. 88, 625] for Schrödinger free matter-waves. The Zitterbewegung manifests itself as high-frequency oscillations embedded in the time-diffraction profile. We found that these two transient effects are induced by the transverse momentum component of the incident wave, ky, that acts as an effective mass of the system. Furthermore, this effective mass can be manipulated by tuning the incidence angle of the initial quantum state, which allows to control the frequencies of the transients. In particular, we demonstrate that near a normal incidence condition, the Zitterbewegung appears as a series of quantum beats in the probability density, with a beating frequency 2kyvF , where vF is the Fermi velocity.
Since the experimental discovery of graphene 1 , the study of two-dimensional (2D) Dirac fermions in condensed matter physics has become of great interest both at the fundamental and applied levels 2 . Graphene exhibits a dispersion relation with two bands touching at two singular points at the corners of the Brillouin zone. Near these Dirac points the spectrum is linear in momentum, and the electronic excitations are described by a Dirac-like equation for massless particles 3, 4 . Nevertheless, graphene is not the only condensed matter system that exhibits an effective Dirac Hamiltonian 5 , other examples include silicene 6 , germanene 7 , Pmmn borophene 8 , cold atoms systems 9 , and topological insulators 10 . These materials constitute the so call Dirac matter, and due to its relativistic Hamiltonian they have allowed probing several phenomena originally predicted by quantum electrodynamics, such as Klein tunneling 11, 12 and the Zitterbewegung (ZBW) effect [13] [14] [15] [16] , which have now become available to experimentalists 17, 18 . While the Klein tunneling occurs at equilibrium, the ZBW being an oscillation is an out of equilibrium effect, and in fact it appears as a transient phenomenon in two-dimensional Dirac systems 14, 15 . In general, transient effects [19] [20] [21] arise from the properties of quantum waves involving either relativistic or nonrelativistic equations subject to sudden changes as initial condition. The most representative transient effect is the diffraction in time (DIT) of free matter-waves, predicted by Moshinsky 22 (1952) using a non-relativistic plane wave quantum-shutter model. A quantum-shutter setup involves a cut-off plane wave representing a matterwave beam initially confined in a region of space (x < 0), stopped by an absorbing shutter at x = 0. After opening the shutter at t = 0, the free Schrödinger probability density exhibits a distinctive DIT 22, 23 oscillatory pattern, similar to the intensity profile of a light beam diffracted by a straight edge. The DIT effect was later verified by multiple condensed matter experiments involving ultracold atoms 24 , cold-neutrons 25 , and atomic Bose-Einstein condensates 26 . Also, the understanding and control of the features of DIT are of relevance, for example, in the field of atom lasers [27] [28] [29] , which operate by extracting matter-waves from Bose-Einstein condensates. After Moshinsky's seminal paper, several theoretical works have addressed the study of transients using various initial quantum states as well as generalizations of the shutter model to explore time-dependent phenomena 20 . However, most of these works were developed in the non-relativistic context. The first studies regarding relativistic transients involved solutions to the Klein-Gordon 22 and Dirac 30 equations for a free massive three-dimensional particle moving in one-dimension within a plane wave quantum-shutter model. Some later works explored issues such as non-locality, forerunners, and time scales, using different types of relativistic initial conditions [31] [32] [33] [34] [35] [36] [37] [38] . A nice feature of these approaches is that they can describe electronic dynamics based on exact analytical solutions, which may provide a useful tool for exploring time-dependent features of 2D Diracmatter. Moreover, although the transport effects in these 2D systems have been studied 14, 15 and the importance of transient phenomena has been stressed, until now (and up to our knowledge) the DIT for two-dimensional massless Dirac particles have not been explored.
In this work we present a new approach based on a quantum shutter model to study transient effects in 2D massless Dirac matter. By considering the Hamiltonian for graphene as typical example, we derive an exact analytical solution to explore the systems dynamics, that can be generalize to other 2D Dirac massless materials. We find that the probability density of massless Dirac-fermions exhibit two transient effects previously observed (DIT) or overlooked (ZBW) in quantum shutter approaches involving relativistic systems with non-zero arXiv:1912.08800v1 [cond-mat.mes-hall] 18 Dec 2019 mass in vacuum. We argue that these effects are a consequence of a non-vanishing transverse momenta of the initial quantum state that acts as the mass of the system.
Cut-off plane wave model. As a prototypical example for two-dimensional Dirac matter, we describe the dynamics of low-energy electron excitations in monolayer graphene using a Dirac-like equation,
where v F is the Fermi velocity,p = −i ∇ is the momentum operator of the charge carriers, and σ η = (ησ x , σ y ) is the vector of Pauli matrices. Following Moshinsky's 22 approach, we investigate the transient behavior by taking a cut-off two-dimensional plane wave as initial condition, given by,
where Θ(−x) is a Heaviside function that restricts the plane wave to the semi-infinite plane (−∞ < x ≤ 0), modeling a perfect absorbing shutter (located at x = 0), that opens at t = 0. The wave vector is k = (k x , k y ), and the incidence angle φ = tan −1 (k y /k x ). The Dirac points are labeled by η = ±1 (Valley K and K ), and λ = ±1 is for particles and holes, respectively. See Fig. 1 . To solve the latter system we Laplace-transform Eq. (1) with the initial condition given by Eq. (2), and obtain the following time-independent equation,
where ψ(r, s) is the Laplace transformed spinor. Here k y is a good quantum number and thus the solution for the y coordinate will remain a plane wave. The solutions for the x coordinate must be finite in the limit |x| → ∞, and continuous at the origin (x = 0). This allows solving the quantum shutter problem in (x; s) space for x ≥ 0, which can be transformed back to the time-domain by explicitly computing the Bromwich inversion integrals following the procedure described in Refs. 35 and 36. Hence, the timedependent solution can be written as
with the spinors Φ ↑↓ (x, t) given by,
In Eqs. (5) and (6), φ ± resemble the free-type solutions of the Klein-Gordon shutter problem 22 ,
We have also defined the coefficients,
Equation (7) may also be written in the alternative form
useful for describing the probability density in the vicinity of t = t F = x/v F , as well as the long-time behavior of the relativistic quantum wave. We emphasize that in Ref. 22 the free Klein-Gordon solution features a DIT effect due to the electron mass, m 0 . By comparing Eq. (7) with that of Klein-Gordon's model, one may verify that the transverse momentum k y is equivalent to µ 0 = m 0 c/ , which suggests that k y serves as the mass of the system. Our result Eq. (4) can be applied to other twodimensional Dirac-matter systems, such as 8-P mmn borophene [39] [40] [41] [42] , which exhibits a generalized Dirac dispersion with tilted cones. The dynamics in this type of 2D crystalline structures can be described by a massless Dirac Hamiltonian,Ĥ = (v t σ 0py + v x σ xpx + v y σ ypy ), where σ i are the Pauli matrices, andp j the momentum operator. In the continuum model of 8-P mmn borophene, the velocities 41 are v x = 0.86v F , v y = 0.69v F , and v t = 0.32v F . Therefore, we can rewrite the corresponding Dirac equation i ∂ t ψ b (r, t) =Ĥψ b (r, t) by using ψ b (r, t) = Ψ η (r, t)e −ivtkyt since k y is a good quantum number, leading us to
where σ η = (η σ x , σ y ), and η = v x /v y . The equation that describes the dynamics in borophene [Eq. (11) ] is very similar to our Eq. (1) for a graphene monolayer, and hence our analytical procedure that led to Eq. (4) can be readily applied. We also argue that an alternative procedure for extending our results to other twodimensional Dirac-matter systems, is to simply transform the Hamiltonian in
is the spinrotation operator. As usual, I is the 2×2 identity matrix, σ = (σ x , σ y , σ z ), and n = (n x , n y , n z ) is a unitary vector which defines the rotation axis, where θ is the rotation angle. Therefore, the transformed Hamiltonian H can be expressed as
where p η = (ηp x , p y ), and by choosing φ = 0, the original Hamiltonian H is recovered. Transient dynamics in graphene. Given the exact wavefunction in Eq. (4), we study the dynamics of quantum waves in graphene from the transient to the stationary regime. In particular, we explore the probability density, ρ = Ψ † Ψ, of an electron in the conduction band, localized at the K or K valley (Dirac point). Since ρ is independent of the y coordinate, we shall study ρ as function of position x, and time t, for different values of the incidence angle, φ. In Figs. 2(a) -(c) we show the timedependence of ρ for different fixed values of position, x. We observe that ρ, from t > t F onward, grows towards a maximum value from which it oscillates until it reaches the stationary value. The large period oscillations of ρ shown in Fig. 2 are similar to the DIT phenomenon predicted in Ref. 22 and 23 for non-relativistic free matterwaves, which resembles an intensity pattern of the Fresnel diffraction of light by a semi-infinite plane. The connection with optical phenomena is further emphasized since the solutions φ ± can also be expressed in terms of Lommel functions of two variables, originally introduced in the context of optical diffraction problems 43 . We also notice that the DIT-type profile observed in Fig. 2 exhibits embedded high-frequency oscillations. To explain the frequency content of these oscillations, we shall derive an approximate expression for ρ. We proceed by first noting that for φ = π/4, the contributions of φ − in Eqs. (5) and (6) cancel out exactly (α − = β − = 0), allowing a simplification of Eq. (4), which now only depends on φ + . By approximating φ + using the asymptotic expansion for the Bessel functions with large values of the argument, J n (z) (2/πz) 1/2 cos(z − nπ/2 − π/4), we obtain the probability density ρ a = ρ dit + ρ zbw , with
where ω = kv F is the frequency associated to the initial quantum state, and γ = (8/πk y v F ) 1/2 . In Fig. 3(a) we show that ρ a provides a good approximation to the oscillating pattern discussed in Fig. 2(a) . Also, from Eqs. (12) and (13) the dynamics of ρ a is governed by two transient contributions, ρ dit , and ρ zbw . In Fig. 3(b) we show that ρ dit [Eq. (12) ] describes the DIT pattern, which is characterized by a frequency Ω D = (k − k y )v F in the range of tens of terahertz, with a corresponding period T D = 2πΩ −1 D of the order of femtoseconds. In Fig. 3 (c) we observe that the high-frequency secondary oscillations embedded in ρ, are a manifestation of the ZBW effect, described by the contribution ρ zbw [Eq. (13) ]. These oscillations are characterized by a ZBW frequency Ω Z = 2k y v F , in the range of hundreds of terahertz, with a period T Z = 2πΩ −1 Z within femtoseconds, accessible nowadays by femtosecond spectroscopy. This should be contrasted with the high-frequencies of roughly 10 21 Hz, typical of the ZBW 44 predicted by relativistic equations for electrons in vacuum, certainly not accessible by present experimental techniques. Thus, the quantum wave dynamics involves an interplay between the DIT and ZBW phenomena. Notice also that the ZBW described by Eq. (13) exhibits a quantum beat effect governed by Ω Z , that we shall later discuss in our work. (12) and (13), for the case discussed in Fig. 2 We stress that, although the DIT is a typical effect of quantum shutter models for systems with non-zero mass, such as those described by Klein-Gordon 22 or Dirac equations 38 , it also manifests itself in massless relativistic systems. In our relativistic case, we argue that DIT and ZBW phenomena are a result of a momentum induced effective mass due to the transverse momentum component of the incident quantum wave, k y = k sin φ. Therefore, We expect a strong dependence of the features of quantum waves on the angle of incidence, φ. This is illustrated in Fig. 4(a) , where ρ exhibits well defined DIT oscillations for incidences at 0 < |φ| < π/2, as shown for example in Fig. 4(c) and Fig. 4(d) . Interestingly, the DIT effect is absent for the case with φ = 0 (normal incidence), as shown in Figs. 4(a) , and 4(b). This peculiar result involves a "massless" (k y = 0) system, and is consistent with the known fact that no DIT is observed for the solution of the free quantum shutter problem for a one-dimensional wave equation 22 . We note that in the case discussed in Fig. 4(d) , it is difficult to resolve the ZBW and DIT frequencies. To understand this behavior, in Fig 5 we compare the periods and frequencies associated with these phenomena as function of φ. From Fig. 5 we can see that for φ π/8, the DIT and ZBW frequencies are of the same order of magnitude i.e. Ω Z Ω D , and thus difficult to resolve, as shown in Fig. 4(d) . Also, we note in Fig. 5(a) that for small values of φ we can easily resolve the frequencies since Ω Z < Ω D . We clarify that the DIT frequency, Ω D , obtained for the case φ = π/4, also gives a good estimate of the time-oscillation frequencies for φ = π/4. As shown by our results, DIT is a robust effect observed for a wide range of values of φ, and characterized by transient oscillations with frequencies that are currently accessible to experiments in the field of graphene. Zitterbewegung effect. Before exploring the subject, we emphasize that ZBW is usually studied by means of the time-evolution of the expectation value of the electrons position for wave packets within Heisenberg's picture.
Moreover, it has been recognized that the ZBW effect is of a transient nature 15 . In this regard, we are proposing an alternative time-dependent approach to address the issue of ZBW, by exploring the transient behavior of the probability density at long-times (t t F ). So far we have studied the interplay between DIT and ZBW phenomena, which can appear at different frequencies. We have also discussed in Fig. 5 that there is a regime of low-incidence angles, where the ZBW may be the dominant effect since Ω Z < Ω D . In Fig. 6 we consider the time-evolution of the probability density for the system discussed in Fig. 2 , for small values of φ i.e. near the normal incidence condition (φ = 0). Notice that ρ exhibits a series of quantum beats that modulate high-frequency oscillations, similar to the superposition phenomenon of quantum waves with different frequencies. To identify the underlying superposition that originates the quantum beats, we derive an asymptotic formula for the long-time behavior of ρ, for small values of φ. Therefore, by analyzing the asymptotic behavior of the solutions φ ± [Eq. (7) ] with the help, as before, of the asymptotic formula for the Bessel function J n (z) for large values of the argument z, we obtain ρ s = ρ 1 + ρ 2 , with ρ 1 = ρ + , and ρ 2 = cos φ ρ − , with
From Eq. (14), the ZBW emerges in the probability density as a series of quantum beats of frequency Ω Z , due to a superposition of sinusoidal quantum waves, with an amplitude that decays as t −1/2 . The asymptotic ρ s fits our exact result, as shown in Fig. 6(a) . Moreover, the beating frequency can be obtained by inspection of the ZBW period T Z in Fig. 6 (a) of the order of hundreds of femtoseconds, which yields frequencies in the range of tens of terahertz. The interpretation of these oscillations has been overlooked in studies addressing the problem of transients in Dirac theory 30, 38 . In our case, it is striking that an effect typical of matter-waves occurs in a system where the dynamics is associated to massless fermions. To further explore the features of the ZBW effect in different time-regimes, we also analyze the transient behavior of the expectation value of the position operator, x , using the exact ρ calculated from Eq. (4). Therefore, we define x for x > 0 as,
where we emphasize the explicit φ dependence of ρ. The integration limits are chosen to fulfill Einstein's causality i.e. ρ is non-zero for x < v F t. We also introduce, for comparison purposes, the expectation value of position, x, associated to the free-propagation of massless electrons, represented by a plane wave that propagates with velocity v F in thek = k/k direction, where k is the wave vector. Thus, x for x > 0 can be expressed as,
Since ρ is a constant over all the region 0 < x < v F t, and the wavefront propagation speed is v x = v F cos φ, by integrating Eq. (16), we obtain,
In Fig. 7(a) We show in Fig. 7 (a) that for the case φ = 0 (k y = 0), the time-dependence of x (red dashed line), and x (red solid line) is characterized by a straight line, in agreement with the result reported in Ref. 18 for massless particles. We can also see in Fig. 7(a) that for values of the incidence angle in the range 0 < φ < π/2, the average position x (solid line) displays weak oscillations around the corresponding free-type expectation value, x (dashed line). We argue that x hinders the oscillatory behavior barely exhibited by x , so in Fig. 7(b) we proceed to remove from x the contribution of x, by computing the difference, x d = ( x − x). As a result, x d features a complex oscillatory pattern, reflecting the same interplay between the DIT and ZBW phenomena, that we found by exploring the transient behavior of ρ. For example, in the case φ = π/4 shown Fig. 7(b) , x d exhibits the same DIT oscillations with a period T D , as well as the embedded secondary high-frequency ZBW oscillations with period T Z , as discussed in Fig. 3 .
Conclusions. We explore the transient dynamics of cut-off plane waves for two-dimensional massless Dirac-fermions, by deriving an exact analytical solution to a Dirac-type equation within a quantum shutter setup. Our time-dependent approach is developed for a graphene 3,4 monolayer in the low-energy regime, and can be readily applied to other promising systems such as 8-P mmn borophene [39] [40] [41] [42] . We find that the probability density is characterized by an interplay of two distinctive oscillatory phenomena in the time-domain: (i) a time-diffraction effect of frequency Ω D , similar to the DIT 22 phenomenon for Schrödinger free matter-waves; (ii) a ZBW effect which manifest itself as transient oscillations of frequency Ω Z , embedded in the DIT-like profile. We show that these transient effects arise due to the nonzero transverse momentum of the initial quantum wave, k y , that acts as an effective mass of the system. This acquired property of mass can be manipulated by simply tuning the incidence angle, φ, which allows us to adjust the frequencies Ω D , and Ω Z , and control to what extent the DIT or ZBW phenomena dominate the dynamics. In particular, it is shown that near a normal incidence condition, there is a time-regime where the ZBW emerges as a series of quantum beats in the probability density, with a beating frequency, Ω Z , and an amplitude that decays as t −1/2 . We have found system configurations where the frequency of these transient effects are in the terahertz regime, accessible to nowadays experimentalists by using femtosecond spectroscopy. Our results may be useful in experimental setups involving the study of transient oscillations in quantum simulations like those of Ref. 18 , where the terahertz regime is accessible to investigate the DIT and ZBW phenomena.
We also hope that our results may stimulate further studies on transient phenomena for cut-off quantum waves in two-dimensional materials, particularly in systems that involve different potential profiles or initial conditions, as for example by tailoring initial states as a superposition of plane waves to construct finite width wave packets.
